Guided by the aim to construct light fields with spin-like orbital angular momentum (OAM), that is light fields with a uniform and intrinsic OAM density, we investigate the OAM of strictly periodic arrays of optical vortices with rectangular symmetry. We find that the OAM per unit cell depends on the choice of unit cell and can even change sign when the unit cell is translated. This is the case even if the OAM in each unit cell is intrinsic, that is independent of the choice of measurement axis. We show that spin-like OAM can be found only if the OAM per unit cell vanishes. Our results are applicable to the z component of the angular momentum of any x-and y-periodic momentum distribution in the xy plane, and can also be applied to other periodic light beams and arrays of rotating solids or liquids. 
Whereas the spin state rotates around every point, the OAM state rotates around the beam axis. The rotation is indicated here by white arrows; it can clearly be seen in the movies of the time evolution over one optical period of spin (48 KB) and OAM (204 KB), which are contained in the additional multimedia material.
Introduction
At the heart of angular momentum lies rotation: angular momentum is conserved due to the isotropy of space (i.e. invariance under rotations); the conjugate variable in the quantummechanical uncertainty pair to angular momentum is rotation angle; and, of course, rotating objects have angular momentum. It is therefore unsurprising that rotating light beams have angular momentum.
Light beams can rotate in more than one way, and these different types of rotation correspond to different types of angular momentum (Fig. 1) . In circularly polarised light beams the electric field vector at every point rotates uniformly [1] ; these correspond to quantum-mechanical spin states. In other light beams the phase structure rotates uniformly about the beam axis, which is marked by a phase singularity (optical vortex line); these correspond to orbital angular momentum (OAM) states [2] . A light beam in which both the phase structure and the electric field vectors at every point rotate uniformly corresponds to a total angular momentum state; we do not consider such states here.
This rotation of the light itself is reflected in the mechanical effects the light's spin and OAM have when transferred to a microscopic object: spin causes spinning about the object's centre of mass while OAM causes orbiting about the (local) center of light rotation, which in the case of OAM states is the beam centre [3] . Such a distinction between the spin and OAM of a light beam is also meaningful mathematically [4, 5] .
The OAM in a uniformly polarized, monochromatic, paraxial light beam is due to the transverse linear momentum density, p ⊥ , which is related to the polarization-independent complex field, ψ, through the equation
where
(We are interested in the angular momentum in the direction of light propagation, z. From now on we will simply refer to (orbital) angular momentum, without explicit mention of the z direction.) An area A then has OAM
and a (semi-classical) OAM per photon in units ofh [2] -the ratio of the OAM and energy contained in A -of
Whereas OAM effects happen relative to the center of light rotation, spin effects happen locally. It is therefore not surprising that spin angular momentum is intrinsic -its value does not depend on the position of the point relative to which the spin is measured. Perhaps surprisingly, OAM can also be intrinsic [4] : in spite of the fact that light beams in OAM states rotate around one particular axis, the value of one component of the OAM vector, namely the component in the direction of the (linear) momentum of the beam, is independent of the choice of origin. We choose to align our coordinate system such that this component is always the z component. This property will be important later when we consider the intrinsic OAM of the unit cell of a periodic light beam.
The work described here is guided by the aim to blur the distinction between OAM and spin of light by introducing light beams without spin (i.e. linearly polarised light beams) that rotate about more than one point. To this end we investigate the OAM of rectangular lattices of optical vortices [6, 7, 8, 9] . Notably, the rotation can only be about discrete points (the centres of the optical vortices -see Fig. 2 ), but these can be very densely packed, limited only by fundamental considerations [9, 10] . Such lattices are currently receiving an increasing amount of interest, for example by serving as "conveyor belts" for microscopic particles [11] . We find that the OAM of these lattices has surprising properties.
Throughout this paper we will discuss fields which are strictly periodic; not only the intensity is periodic, but also the phase. The topological charge of each unit cell of such a function is always zero. This vanishing topological charge per unit cell implies that it is not possible to create a strictly periodic array of optical vortices of the same, non-zero, charge [12] without introducing other types of discontinuities that balance the topological charge of the vortices. The tiling discussed in ref. [7] , for example, results in discontinuities along the tile edges.
We note that light beams with periodic patterns imprinted in their transverse profile can be generated in a number of ways, for example by interference, through interaction with spatial light modulators or periodic media (photonic crystals), or in homogeneous devices as result of modulation instabilities. The class of light patterns considered here is characterized by the presence of phase singularities (vortex arrays). The interest in arrays of vortices extends far beyond optics: highly ordered vortex lattices have for instance been observed in rotating Bose-Einstein condensates [13] and in superfluids [14] , and they play an important role in fluid dynamics [15, 16] .
We have organised this paper as follows. In section 2 we use an example to illustrate our main findings, specifically the seemingly paradoxical dependence on the choice of unit cell. We will resolve this apparent paradox in sections 3 to 5. In section 3 we calculate the angular momentum per unit cell of a general periodic momentum distribution in a plane. In section 4 we introduce a Fourier-based calculation of the OAM per unit cell, which allows us to discuss other effects related to periodic light beams -most notably the Talbot effect -in the context of OAM. In section 5 we discuss the dependence of the OAM per unit cell on the choice of unit cell in the context of finite-sized arrays, before drawing conclusions.
Example
Here we choose a specific cross-section through an array of optical vortices -shown in Fig. 2 -and discuss its OAM per unit cell. The polarization-independent complex field is of the form
The first factor, (sin x + i sin y), contains a rectangular array of vortices of alternating charges. The second factor, (cos(x/2) cos(y/2)) 4 , concentrates the intensity around a rectangular array of vortices with a positive charge, which are positioned where cos(x/2) cos(y/2) = ±1 by multiplying the complex vortex function by an intensity factor which vanishes at the positions of negative-charge vortices; the exponent determines how strongly the intensity is concentrated. While the intensity factor does not affect the phase of the field and therefore the topological charge, it does alter the OAM density. The OAM per photon for any unit cell of the vortex array given in Eq. (5) is intrinsic: the transverse momentum in a unit cell is zero, i.e. P x = 0 = P y (see Eq. (7)), and therefore it does not matter with respect to which point a cell's OAM and OAM per photon, Ω and l, are calculated. At the same time, all unit cells shown in Fig. 2 are unit cells of the same array. Therefore, as with other quantities of periodic fields, it appears reasonable to think that the OAM per photon of a unit cell is independent of the choice of unit cell. Figure 3 shows the OAM per photon per unit cell for all choices of smallest possible square unit cells. Contrary to our naive expectation it is clearly dependent on the choice of unit cell and can even change sign. In sections 3 and 4 we will investigate this finding further.
Our main observation is that the angular momentum per unit cell depends on the choice of unit cell. As the angular momentum of an array is the product of the (intrinsic) angular momentum per unit cell and the number of unit cells that make up the array, does this imply that the angular momentum of a periodic light beam also depends on the choice of unit cell? We will discuss this question in section 5.
Angular momentum of a periodic momentum distribution
We now consider a wave with a periodic transverse profile
where n, m = 0, ±1, ±2, ... and X and Y are the respective lattice periods in the x and y directions. From Eq. (1) it follows that the momentum density p ⊥ (x, y) is also a periodic function. In fact, the calculation in this section is applicable to any rectangularly periodic momentum distribution, for example those due to circular polarization in light beams and to arrays of rotating liquids or solids.
Due to the symmetry of the wave given in Eq. (6), it is natural to characterise its properties in terms of rectangular unit cells of the lattice with sides X and Y . We restrict ourselves to the case of light fields in which the transverse linear momentum in any unit cell D vanishes, that is
, is intrinsic [4, 3] . This means that changing the (x, y) position of the OAM-calculation axis from (0, 0), which was implicitly used in Eq. (2), to arbitrary coordinates (R x , R y ) results in the same angular momentum:
For simplicity we will now consider two rectangular unit cells A and B with side lengths X and Y whose lower left corners are positioned respectively at the origin and at (x 0 , y 0 ), as shown in Fig. 4 . Note that it is natural in this context to characterize a unit cell in terms of the coordinates of one of its corners, whereas in the context of section 4 it is conventional to characterize a cell in terms of its center coordinates. We already observed in section 2 that the angular momenta
and
are not necessarily the same. Clearly the difference is due to the lack of periodicity of the function r. In spite of the fact that the angular momentum carried by any cell is independent on the axis position (and indeed on any change r → r + R) the dependence of the density ω on r leads to differences between Ω A and Ω B . In the following we analytically evaluate the difference in angular momentum carried by two such unit cells at arbitrary positions. First of all we observe that any two unit cells "of the same type", i.e. unit cells whose positions respectively differ by integer multiples of the periods X and Y in the x and y direction, have the same angular momentum. This is simply due to the periodicity of the linear momentum density and the intrinsic character of the angular momentum carried by a cell. Without loss of generality we can therefore restrict ourselves to overlapping unit cells A and B, as shown in Fig. 4 .
We now define A i and B i (i = 1, ..., 4) as the rectangular parts that respectively add up to A and B as shown in Fig. 4 . Periodicity guarantees that the momentum distribution in the cell B i is the same as inside the corresponding cell A i , for any i. It follows that
Equation (11) is the main result of this section. We now apply Eq. (11) to find which distributions p ⊥ give the same angular momentum Ω in any cell. It is clear that Eq. (11) 
for all x and
for all y.
As
equations (12) and (13) imply that Ω A = 0. Therefore the angular momentum carried by a unit cell is independent of the cell's position if and only if the angular momentum for all cell positions is zero. As this is clearly not the case for the vortex-array example in section 2, its orbital angular momentum depends on the choice of unit cell. We conclude this section by deriving another general property of vortex arrays. Let us consider the integral of the angular momentum over different cell positions,
where (x 0 , y 0 ) is the position of the lower left corner of the cell. It is easily found that
where (P x , P y ) is the total transverse momentum introduced in Eq. (7). As we are considering arrays with intrinsic angular momentum, Eq. (7) implies that
This result allows to make general predictions about the sign of the angular momentum carried by different cells of an array of vortices. In fact, as the integral (17) over different cell positions vanishes, it follows that if a cell in the array carries a positive angular momentum, there is a shifted cell carrying a negative angular momentum. Clearly, when we consider continuous spatial arrays, there is also a cell position giving vanishing angular momentum. An illustrative example of this general result is given in Fig. 5 . We note that in this section we did not assume paraxial fields or any light-specific properties, such as Eq. (1), so our results are valid for any type of angular momentum -OAM and spin -of any beam with a rectangular periodicity in the cross section of its phase, intensity and polarization (e.g. [17] ). shows that in different unit cells the bulk of the momentum density can be at different radii from the cell's centre (as the OAM in each unit cell is intrinsic and therefore independent of the axis position, we might as well calculate it with respect to a symmetric choice of axis position, namely the centre of the unit cell), leading to a larger OAM density according to Eq. (2), and that the circulation of the momentum density with respect to the axis (dotted arrow in '2') can even be reversed, resulting in OAM of the opposite sign. The respective OAM per photon in unit cells '1' and '2' is 0.96h and −2.93h. In cell '3' the OAM in each of the two parts of the cell (separated by the dotted white line) is intrinsic and equal and opposite that in the other part (the circulation of the momentum density in opposite directions is again indicated by dotted arrows), so the OAM in the whole cell is 0.
OAM of periodic light beams on propagation
Light beams that are periodic in the x and y direction can also be periodic in the z direction -the Talbot effect [18] . It is therefore natural to investigate the OAM contained in the (threedimensional) unit cells of such a beam. Mathematically, our periodic optical fields are naturally described as Fourier series in x and y. Not only does this enable an alternative proof for the disappearance of the average OAM over choice of cell positions, but it allows the investigation of the OAM on propagation of the beams in the z direction.
Any beam with rectangular lattice periodic symmetry in the transverse plane can be written as a Fourier series
where the sum in m, n is over all integers (positive and negative), the a m,n are complex coefficients, and all sums are assumed to converge. It is straightforward to compute all quantities explicitly (such as ∇ψ, p, etc.) for ψ(x, y) in the form (18) . Substitution into equations (1) and (2) gives the z-component of the OAM density:
The total transverse linear momentum P ⊥ , which vanishes when the angular momentum is intrinsic (see Eq. (8)), is
For the present purposes, it is convenient to describe the position of a unit cell in terms of its centre (x c , y c ). The (x c , y c )-dependent total OAM in the unit cell is easily calculated to be
This is the general expression for the OAM in a unit cell of a periodic beam. When the OAM is intrinsic, P ⊥ is zero and the first term in (21) vanishes. In that case, there is no constant term in the right-hand side of Eq. (21), which is a Fourier series, so the average of Ω (x c ,y c ) over all cell positions is zero (as expected -see Eq. (17)).
We now want to investigate the behaviour of the OAM in a unit cell on propagation of the light field. We perform the calculation for monochromatic light fields. To be able to evaluate a light field ψ in other planes, we substitute for the expression for each Fourier component in the z = 0 plane the expression that explicitly takes its z dependence into account:
where k x = 2πm/X and k y = 2πn/Y are the transverse wave numbers. For k z we use the approximation
which is valid for paraxial beams, i.e. beams that only contain Fourier-components with small values of m and n. The wave ψ can then be calculated at all points in space:
Alternatively, Eq. (24) can be derived from the paraxial wave equation [19] . We ignore here phase term exp (ikz) as it affects only the phase of the whole beam. Specifically it does not affect the transverse momentum and the angular momentum in the z direction. If the transverse periodicities are rationally related, i.e. if coprime positive integers M, N exist such that MX = NY = Z for some length Z, then (24) becomes
i.e. the beam is periodic in z, 'reviving' at the Talbot distance τ = Z 2 k/π [18] . Paraxial propagation, and specifically Talbot periodicity, can be built into the earlier equations by replacing the Fourier coefficients as follows:
The total angular momentum per unit cell Ω (x c ,y c ) is now a (periodic) function of z whose average over z does not necessarily vanish.
As an example we consider the beam (5) of section 2. Evidently it has a finite Fourier series representation and square symmetry (X = Y (= 2π)), which simplifies the calculation. Figure 6 shows the beam's intensity cross section for different values of the propagation distance z and 
Therefore the cell-averaged OAM per photon in unit cell '1' is the same as that in cell '2' half a Talbot period later. The average of Ω (x c ,y c ) (z) over a Talbot distance is not necessarily 0, but given for any arbitrary beam by
Inspection reveals that the average of Ω (x c ,y c ) over its propagation period is doubly periodic in x c and y c , as Eq. (27) would suggest. As before, the average over the transverse position (x c , y c ) vanishes as this Fourier series has no constant term.
Finite arrays and edge effects
In section 2 we ask whether the angular momentum of a periodic light beam -which is the product of the cell-choice-dependent angular momentum per unit cell and the number of unit cells that make up the light beam -also depends on the choice of unit cell. It follows from our result that in a truly periodic -and therefore necessarily infinite -light beam the angular momentum carried by a transverse slice of the beam is not well-defined. Any real-life periodic light beam has a finite size and therefore can only consist of a finite number of unit cells. Figure 7 shows an example of a finite vortex-array: a circular section of the example shown in Eq. (5). It is clear that for any particular choice of unit cell only part of the beam that can be covered by complete unit cells; an area near the edge of the beam remains uncovered. The angular momentum in the whole beam is the sum of the angular momenta contained in the part of the beam that is covered by the unit cells, which is simply the angular momentum per unit cell times the number of unit cells, and that in the edge of the beam. The shape of the edge part changes depending on the choice of unit cell; the angular momentum contained in it is always the difference between the angular momentum in the whole beam and that contained in the part covered by unit cells.
That the outer regions of light beams can contain large amounts of OAM has been observed previously (e.g. [20] ). However, often when integrating a quantity over a finite area (or volume), the contribution of the edge becomes insignificant as the area becomes larger. The following handwaving argument illustrates why this is not the case for angular momentum. Consider a circular light beam of radius r. We assume that the edge area is on average of a width that is independent of r and that the average momentum density is also constant. The edge area is then approximately the average width times the circumference of the beam, so it is approximately proportional to r. The angular momentum density near the edge, calculated with respect to the centre of the beam, is proportional to the momentum density and r. This implies that the angular momentum in the edge is proportional to r 2 . The number of unit cells covering the centre of the beam also goes approximately with r 2 , so we conclude that the angular momentum in the edge remains significant compared to that in the main part of the beam, even for large beams.
Conclusions and ideas for generalizations
This work was motivated by the desire to create orbital angular momentum that is spin-like in a number of ways. Here we specifically wanted to create light beams whose orbital angular momentum, when absorbed over a large enough area, was non-zero and approximately proportional to the area. From the results presented in this paper we conclude that this is not possible with strictly rectangularly periodic light beams.
The most likely candidate for such a light beam would appear to be an array of optical a b Fig. 8 . Example of the dependence of the OAM per photon in a unit cell on its shape. The OAM per photon in the unit cell on the left is −2.94h, that in the unit cell on the right is −6.84h (note that the four parts of the unit cell are not connected). The actual unit cell is shown in full contrast; some of the surrounding beam is also shown, in reduced contrast. Like in Fig. 5 , the larger OAM per photon in the cell on the right is again due to the fact that the bulk of the momentum density is at a larger radius from the cell's centre.
vortices with an intrinsic OAM per unit cell. Because of the periodicity of the transverse profile of the beam we would have expected a variation of the OAM that depends on the exact details of the absorbing area; for an absorbing area that is a unit cell of the array we would have expected, somewhat naively, a position-independent value of the OAM. What we found to our surprise is that the OAM in a unit cell not only depends on the position, but it depends on the position so strongly that it is always possible to find a position for which the OAM changes sign. The angular momentum of part of any momentum distribution with intrinsic angular momentum is independent of the position of that part only if the angular momentum is zero. It would be interesting to generalize our results to other array symmetries and to investigate in detail the dependence of the OAM per photon per unit cell as a function of the shape of the unit cell. Figure 8 shows an example of two unit cells with different shapes: the square unit cell with the greatest modulus of the OAM per photon (−2.94h), and a unit cell with a nonsquare shape (in fact a non-connected shape) with a modulus of the OAM per photon that is significantly higher (−6.84h). The latter cell is constructed by splitting up a square unit cell into four parts and moving those by integer multiples of the lattice periods. In fact, by increasing the separation of the parts the OAM per photon in the unit cell can be made arbitrarily high.
Finally, we note that the dependence on the choice of unit cell is not peculiar to vortex arrays, optical or otherwise, but applies to any rectangularly periodic momentum distribution.
